This paper investigates convergence behavior of composition sequences fl o f2 o o A(z) and f o f-I o o f (z) where the A's are bilinear transformations and f z Additional results are provided for the case when the f,'s are more general functions
( 1 3) The sequence {Fn (z)} (using (1.1)) arises in connection with normal continued fractions [1 ] , and {Gn(z)} occurs (using (1 1)) in the study of reverse cominued fractions [2] and (more generally)in the computation of fixed points of functions written as infinite expansions [3] . Both sequences give perturbed orbits of f(z) if f . f, and are thus interesting from a dynamical systems perspective
The investigation of the convergence behavior of sequences of the form (1.2) involving bilinear transformations (1.1) goes back at least to Paydon & Wall [4] (1942) awl Schwerdffeger [5] (1946), and was continued by Piranian & Thron [6] (1957), and DePree & Thron [7] (1962). Later, Magnus & Mandell [8] (1970) gave explicit results when f,--, f, where f is categorized as "hyperbolic", "loxodromic", or "elliptic" (see below). The author pursued the elliptic case further and explored the remaining "parabolic" case [9] (1973) More recently the author investigated these cases with regard to outer compositional structures {Gn(z)} in [10] (1991), [2] (1993). Barrlund , Karlsson & Wallin [11] (1993) have studied random inner and outer compositions of bilinear transforrnationsmwithout the requirement that f, --, f.
In addition, the author has explored structures (1.2) and (1.3) for sequences {f} of more general complex functions in [12] (1988), [13] (1990), [14] (1992) Lorentzen has written a number of papers concerned with convergence properties of sequences of bilinear transformations and a definitive paper on inner compositions of more general functions The earliest results for f'' z are due probably to DePree & Thron [7] THEOREM I.I. If F,,(z)) converges to a bilinear transformation, where the f'''s are bilinear transformations, then f'' z. and its partial converse. The hypotheses of Theorem 1.2 are written in terms of the coefficients of f, as it is described in (1.1). This seems reasonable, particularly in light of applications. However, there is a more "natural" approach to the study of compositions of the form (1.2) and (1.:3), one that demonstrates the similarity of convergence behavior between {F,,(z)}, {G,,(z)}, and simple iteration {f"(z)} when f,, f It is this approach that is taken in the current paper.
We first observe that any bilinear transformation f (or f,0 having two finite and distinct fixed points c and/ (or a, or/n) can be written in "multiplier" form (Ford [16] ):
Here K is called the "multiplier" ofthe transformation. Its value determines the character of f Equation (1.4) coupled with the strongly geometrical nature of bilinear transformations leads to clear geometrical convergence patterns for the iteration {f"(z)} (see Ford [16] , e.g.). Using (1.4) judiciously also allows the formulation of hypotheses written in terms of ,,,/,, and K,, that lead to conclusions on the convergence behavior of {F'' (z)} and {G'' (z)}. When f is hyperbohc or loxodromic (IKI < 1), (1.4 ) shows that f"(z) , the attractmg fixed point of f, for each z , the repelling fixed point of f. Under rather mild restrictions on a,,, B,, and K,, the behavior of {F,,(z)} and {G,(z)} when f--, f with IKI < is analogous to that of {f"(z)}, [8] , [10] . In the parabolic case (single attracting fixed point c), and the elliptic case (IK[ 1, K 1), roughly parallel behavior has been shown to exist between {f"(z)} and {F,,(z)} and {G(z)} as well [2] , [9] .
However, in the present case (f(z):= z) one finds {f"(z)} exhibiting no dynamical behavior whatsoever, since f(z) z Clearly f has an infinite number of neutral fixed points, no one of which exerts more dynamical influence than the others. Nevertheless, it will be shown that when f, z [8] and the author [9] in the elliptic and parabolic cases for inner compositions.
We begin by solving (1 4) ( 2 15) Returning to (2.3), we choose and fix a value of h large enough to satisfy the various requirements already described. Then, from ( 2 10 Next, we look at a more general class of functions f, z. A different set f htheses n the fixed ints lds to a sil enclusin: e tques of proof of Theorem 2.1 c be used to prove Ne ofat theoem for ier composition The steps e nely identicly, so oNy eended utline of the proof is Nven. PROOF. From (3.1) it is not dcult to ved that the hotheses of the coroll imply those of Theorem 1.2 For the products involfing a d use K 1 + (K-1) d obsee that the convergence of E I1 K implies that of E l1 I. L OILL Finally we present a simple result for sequences of more general analytic functions Actually, Theorem 3.3 is a corollary to Theorem 2.2 [12] , but its proof is so brief it is given here TREOREM 3.3. Suppose {f, (z)) is a sequence of functions analytic on a convex and compact set S and such that fn z or fn -' a on S, with (i) S :::) fn(S) for each n, (ii) Ifn (Z)] _< Kn < 1 
